THE CORONA THEOREM IN WEIGHTED HARDY 
AND MORREY SPACES 
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Abstract. The main goal of this paper is to give an unified proof 
of the corona problem on weighted Hardy spaces and on Morrey 
spaces. We use a technique that allows to reduce the problem to 
the Hardy spaces H^{9). 



1. Introduction 

Let B denote the unit ball of C" and § its boundary. Let du and da 
denote the corresponding Lebesgue measures on B and S. In |3] and [2] 
the authors introduce the so called if^— corona problem, which states 
that if Qi, Qm are bounded analytic functions on B, satisfying 

(1.1) mf{\g{z)\^ = \gi{z)\' + ■■■ + \gUz)\' : z G B} > 0, 

then for any 1 < p < oo, the map Aig : x ■ ■ ■ x — )• defined by 
if I, . . .,fm) ^ gih + • • • + gmfm is surjectivc. Analogous problems for 
Bergman, Lipschitz, Besov, BMOA and Bloch spaces in the unit ball 
or in a more general class of domains have been considered by several 
authors (see for instance [5l|6],[T3][T6],[T9],|2ll[22l|23]). 

The goal of this paper is the study of the corona problem for holo- 
morphic weighted Hardy spaces with respect to weights on § of the 
Muckenhoupt class Ap, and for Morrey spaces. 

For 1 < p < oo, and 6 G Ap, the Hardy space H^{6) consists of 
holomorphic functions / on B such that 

(1.2) WfUne) = (snp JjfirOmOdaiC?! < oo. 

For 1 < p < oo and —1 < s < n/p, we also define the Morrey- 
Campanato space M^'^ on § given by 

MP'^ = {f e L^iS) : ||/||m..^<oo}. 
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where 

(1-3) \\f\\p,s = + sup f £" / Ifiv) - fiCWdairj) 

ll/llp denotes the usual Lp(S)— norm of /, and /^^ = {r^ G S; |1 — C?7| < 
It is clear that for s = n/p the space 

]VfP."/p coincides with Lp(§) 
and that for s = 0, M^'^ coincides with the non isotropic BMO space. 
It is also well-known that for — 1 < s < the space M^''' coincides with 
the non isotropic Lipschitz space A^. 

Let HM^'^ = M^'* n be the corresponding holomorphic Morrey 
space. 

The main goal of this paper is to obtain necessary and sufficient 
conditions on holomorphic functions gi, . . . ,gm on B, such that Aig 
maps X X ■■■ xX onto X, where X = HP{e) or X = HMP''. 

We believe that the interest of the paper lies not only on the results 
but on the techniques that allow to reduce the proof for H'p{9) to the 
particular case p = 2 and any weight in A2- The general result for every 
weighted Hardy space Hp{6) is then a consequence of Rubio de Francia 
extrapolation theorem. This method gives an alternative simpler proof, 
even for the decompositions for the unweighted Hardy spaces H^. 

The corona problem for the Morrey-Campanato spaces in the scale 
— 1 < s < 0, corresponding to Lipschitz spaces, was considered in 
[16] . the case s = corresponding to BMOA in [21] and [6], and the 
case s = n/p, corresponding to the space, has been previously 
mentioned. Therefore, only remains to consider the case < s < n/p. 

In this case the norm (II. 3p is equivalent to the Morrey norm (see for 
instance [T7] ) 

(1.4) II/IImp.^ = sup 1 e^P- / \fiv)\'da{v) 

In order to have a well-defined problem, the multiplicative operators 
/ ~^ 9kf niust map the corresponding space to itself, that is, the 
functions gu must be pointwise multipliers of the corresponding spaces. 
We will prove that for the weighted Hardy spaces Hp{6) and for the 
Morrey spaces HM^'^, < s < n/p, the space of pointwise multipliers 
coincide with H°°. Therefore, in the hypothesis of the corona problems 
that we will consider, we will assume that gk G H°° for any k. 

Moreover, we will prove that if Aig is surjective, then the functions 
gk must satisfy condition (11.11) . 





CORONA THEOREM IN HARDY AND MORREY SPACES 3 

The main object of this paper consist to prove that this condition is 
also sufficient. To be precise, we will prove the following theorem. 

Theorem 1.1. Let 1 < p < oo and < s < n/p. Let gi, . . . ,gm G H°°. 
Then, the following assertions are equivalent: 

(i) The functions gk, k = 1, . . . ,m satisfy mi{\g{z)\ : z E M} > 0. 

(ii) Mg maps H^{6) x • • ■ x H^{0) onto H'^id) for any I < p < oo 
and any 6 E Ap. 

(iii) Mg maps H'p{6) x ■ ■ ■ x H'p{6) onto H'p{6) for some 1 < p < oo 
and some 9 G Ap. 

(iv) Mg maps HMP'" x ■ ■ ■ x HM^'^ onto HM^^" for any 1 < p < oo 
and any < s < n/p. 

(v) Mg maps HMP'" x ■ ■ ■ x HMP'"" onto HMP'" for some 1 < p < 
oo and some < s < n/p. 

Moreover, there exists a linear operator Tg such that Mg{Tg{f)) = f 
for all the functions f in one of the above spaces. 

Of course this theorem has interest only for n > 1, because if = 1 
the classical corona theorem in H°° implies these results. Therefore, 
we will assume from now on that n > 1. 

We will finish the introduction giving a brief sketch of the proof 
of Theorem 11.11 and the distribution of the parts of its proof in the 
different sections of the paper. 

As we have already mentioned, it is particularly interesting that the 
proof of the key point of the theorem, ([!]) implies ([n]), will be deduced 
from the proof of the corona problem for H'^{6) for any weight 6 E A2- 
In this case H'^{9) coincides with a weighted Besov space which makes 
some of the computations easier to deal with. For this reason it is 
convenient to add to the list of assertions in Theorem II. II the following 
one 

(vi) Mg maps H^{e) x . . . x H^{e) onto H^{e) for any 9 e A2, 

the scheme of the proof of the corona theorem for the case of weighted 
Hardy spaces will be the following: 

(HID ^ (HUD ^ (i ^ (vi) ^ (Hi. 

Clearly ^ =^ fpill) . The implication fliiT|) =^ (P, which states that the 
necessity of the condition fll.ll) . is proved in Section HI The proof of (P 
=^ (vi) is quite technical. In order to make the paper more readable, 
we prove ffist this result for the particular case of two generators in 
Section [5], and next in Section [6] we prove the general case. For the case 
of two generators we will use and minimal solutions of the 99— equation 
and Wolff type techniques that allow to estimate the solutions of the 
corona problem using Carleson measures for H'^{9). 
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For the proof of the general case, we will consider as usual the Koszul 
complex with estimates of the involved operators which are suitable for 
the study of the required continuities. 

Finally, in Section 7 we prove that (vi) =^ ([n]). This result will be a 
consequence of an extrapolation theorem due to J.L. Rubio de Francia. 

The scheme of the proof of the Morrey case is similar and we will 
show in this case that 

The first implication is obvious, and the proof of the second will be 
given in Section HI The proof of (jn]) ^ ( 1iv|) . given in Section 7, follows 
from a theorem proved in [Tj. 



2.1. Notations. In this subsection we include most of the definitions 
of operators, spaces of functions and measures that we will use through- 
out the paper and that have not already been introduced. 

As usual, we will adopt the convention of using the same letter for 
various absolute constants whose values may change in each occurrence, 
and we will write A < B if there exists an absolute constant M such 
that A < MB. We will say that two quantities A and B are equivalent 
if both A ^ B and B < A, and, in that case, we will write A ^ B. 

2.1.1. Sets: For C G S and r > 0, let /^,^ = {// G S : |1 - r]C\ < r}. 
When ( = z/\z\ and r = (1 — we write instead of /^^,. . If 
C G S, and a > 1, the admissible region is defined by F^ ^ = {z E 
B; |1 - < a(l - l^p)}, and if A C §, T„(A) = {U^^ATaiOY is the 
tent over A. When a = 1, we will write F^ = F^^i, and T{A) = Ti{A). 

If C G S, and r > 0, we will write /^^^ = ^(-^c^f) ^^"^ if C = ^/\^\ 
r = (1 — I^P), we write Iz = I(^,r- 

We denote by |A| the Lebesgue measure of A. 

d 

2.1.2. Differential operators: For '\- < j < n, let Dj = — — . If 1 < z < 

OZj 

j < n, let Di j be the complex-tangential differential operator defined 
by Di j = ZjDi — ZiDj. The tangential operators Dij appear when one 
computes the coefficients of the form 



2. Preliminaries 





l<i<j<n 
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We will consider the usual pointwise norm of the forms 

n 

\df{z)\ = ^\Dj!f{z)\, and 
i=i 

\dMz)\ = \d^iz)Ad\z\'\= J2 \D^,M^)\■ 

l<i<j<n 

Let TZ be the radial derivative TZ = ^2^=1 ^j-^j- -^^^ ^ > ^ ^ 
positive integer, we define 

(2.5) 7^f = f^^Y)^^^ + k-i)x + n)...iii + n), 

where I denotes the identity operator. 

2.1.3. Integral operators: We will denote by C the Cauchy projection 
and by P the Poisson-Szego projection, that is 

In the forthcoming sections, we will use the following kernels and 
their corresponding integral operators. 

Definition 2.1. Let N,M,L be real numbers satisfying N > and 
L < n. For z,w let 

where 4>{w, z) = \1 — zw\'^ ~ (1 ~ ["^Hll ~ kP)- 

L '"'^^^ ^^'^^ denote the corresponding integral operator given by 



(1-1 


w\ 


2-J7V-1 


\ \ — zw 


M 


Z)^ 



ij{z) ^ CZ,Lmz) = / ^{w)CZ,L{w,z)du{w). 

Jv, 

The proof of the following result can be found in Lemma I.l in [12j. 

Lemma 2.2. Let N, M, L be real numbers satisfying N > and L < n. 
Ifn + N-M-2L^0, then 

CZA^, z)dv{w) < 1 + (1 - \z\Y^^-^'-^\ z e M. 

Definition 2.3. We define the type of the kernel i by 
type{C^A = n + N - M -21. 
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2.2. The Muckenhoupt class Ap on S: Given a non negative weight 
6 G L^{da) and E a measurable set in S, let 0{E) = 6da. For z = r(, 
Cg§, 0<r<l, we consider the average function on B associated to 

e defined by e(^) = ^j^, where = J^^ = {r/ G §; |1 - r/C| < 1 - r^}. 

The Muckenhoupt class on §, 1 < p < oo, consists of the non- 
negative weights 9 G L^{da) satisfying 



(2.6) Ap{e) = sup (e(^))'/^ {Q\z)f'''' < oo 

where 9' = ^"^'/p and e'(^) = -j^- Observe that 6 G Ap, if and only 
if, 6' G Ap'. 

If p = 1, the class Ai on S is the set of non- negative weights 9 G 
L^{da) satisfying 



(2.7) AM 



< oo, 



where Mh-l{6){,C) = sup^9(rC) is the Hardy-Littlewood maximal 
function of 6 in (. 

Proposition 2.4. (i) Ifl<p, then Ai C Ap. 

(ii) If 1 < p < oo and ip G Ap, then there exist 1 < q < p such that 

V3 G Ag. 

(iii) For any 9 G e measure 6da is a doubling measure. In 
fact, there exist C > and < X < np such that for any C £ S 
and any r>0, ^(/c,2r) < C2^^(/c,r)- 

The proof of (i) can be found in p. 197 [27J and (ii) in p. 202 [27j . 
The estimate in (iii) with A < is proved in p. 196 [27]. This estimate 
together (ii) gives A < np. 

2.3. Holomorphic weighted Hardy spaces. Let us start recalling 
some well known facts on the weighted Hardy-Sobolev spaces H^{6), 
9 G Ap. 

Proposition 2.5. Let 9 is in Ap and 1 < p < +oo. 

(i) If Ma{f){C) is the maximal admissible function Ma{f){C) = 
sup{|/(^)| : z G r^,a}, then ^ ||M„(/) 

(ii) There exist 1 < pi < p < p2 such that if^^ ^ hp{9) C Hp^ 

(iii) If 1 < p < oo and 9 G Ap, then the Cauchy projection C maps 
LP{9) to HP{9). 
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(iv) The dual of H^{9) can he identified with H^' (6') with the pairing 
given hy 

(2.8) {f,g)s = lim / frgrda, 

where fr{0 = firQ- 

The proof of part ([i]) can be found in Section 5 in [20] . 
The following result (see [ID]) gives that the weighted space H'^{6) 
can be considered as a weighted Besov space. 

Proposition 2.6. Let 6 & A2 and let k he any positive integer. The 
following assertions are equivalent 

ii) feH\e). 

(ii) (1 - \z\^f~^'^Q{zY'\x + nff{z)\ G l2(b). 

Of course, in the last expression we can replace the oprator (X + TZY 
by an operator T^f defined in (12. 5p . 

Observe that Lemma 3.6 in [Ij, gives that if a < /3, and /i is a 
holomorphic function on B, there exists C > such that for any C ^ 

I \dTh{z)\\l-\z\')-'^dv{z)< I \nh{z)\\l-\z\^f-'^dv{z). 

Consequently, multiplying by 9{() and integrating we obtain 



(2.9) / \D,,,hiz)\^Qiz)duiz) < / \nhiz)\\l - \z\^)Qiz)diyiz) 

In particular, we have from this observation and Proposition 12.61 that 
Proposition 2.7. If f e H^{0), then 

\\&{zy/' {\dTf{z)\ + (1 - \z\'y/'\df{z)\) ||^,(^^ < uwh^o). 

2.4. Holomorphic Morrey spaces < s < n/p. The following em- 
bedding is a consequence of Holder's iequality, and will be used in the 
forthcoming sections. 

Proposition 2.8. If 1 < p < 00 and < s < n/p, then c 
HMP'' C HP. 

3. POINTWISE MULTIPLIERS AND CaRLESON MEASURES 

In this section we will show that the space of pointwise multipliers of 
the holomorphic weighted Hardy spaces Hp{6) and of the holomorphic 
Morrey spaces M^''' coincide with H°°. We will also give examples of 
Carleson measures for Hp{6), which will play an important role in the 
proofs of the main theorems. 
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3.1. Pointwise multipliers and Carleson measures on weighted 
Hardy spaces. 

Proposition 3.1. A holomorphic function g onM is a pointwise mul- 
tiplier of H^{9) if and only if g E . 

Proof. It is clear that, if G H°°, then g is a pointwise multiplier of 
HP{e). 

The converse assertion is a consequence of the inequality ||5'™'||hp(6i) < 
||A^(,||™||l||iyp(0), where ||A^c,|| denotes the norm of the operator A^g(/) = 

gf, and that \\g\\H^ < sup^ Wg^'WHT^e)- ■ 

Proposition 3.2. Let 1 < p < +oo, 9 G Ap, A the constant in 
the doubling condition of 9, 9{I(^^2r) ^ C2^9{I(^^r) , o-nd Np > A. Let 

fz{w) = -. n^, for 2 G B. We then have 

^ ' {\-wzY 

II fr < ^SIA 

\\iz\\m(Q) ~ (]_ _ 

Proof. By Proposition 12. 4[ the measure 9da is a doubling measure and 
9(21^) < 2^9{Iz) with X < np. If z = \z\C, and 21^ = /^,2(i-|2|2), we 
have 

p 



, 1 — wz 



Hp{e) 



^v- eCi"!.) 2"9(/.: 

fe>0 ^ ' ' ^ fc>0 ^ ' ' 



2Wp 



- |2|2)^P' 

where in last estimate we have used the fact that Np > A. ■ 

We recall that a positive Borel measure /i on B is a Carleson measure 
for a space of functions in B, if there exists C > such that for any 

fexp, 



(3.10) / \f{z)fdf,iz)<C\\f\\ 



\xp- 



As in the unweighted case, when 1 < p < +oo, 9 is an Ap and is 
either Hp{9) or the space P[Lp(^)], these measures can be characterized 
in terms of conditions on tent of balls. 

The space P[Lp(6')] is normed by ||m||p[lp(6i)] = ||/||lp(6i)) where u = 
P[f], and we recaU that ||M||p[LP(e)] ~ ||ip(0). 

We then have: 
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Proposition 3.3. Let 1 < p < +oo, fi a positive Borel measure on B 
and 9 be a weight in Ap. Then the following assertions are equivalent: 

(i) fi is a Carleson measure for ¥[Lp {6)]. 

(ii) fi is a Carleson measure for [6) . 

(ill) There is a constant C such that for all z eM, fi{Iz) < C6{Iz). 

Proof. From Theorem 5.6.8 in [25], and Proposition |231 it is immediate 
to deduce that for any function / G Hp{9), f = C[f*] = F[f*], and 
ll/lk^W ~ ||/||p[LP(0)] ~ \\f*\\LP(e), where /* are the boundary values 
of the function /. Hence, any Carleson measure for P[Lp[6']] is also a 
Carleson measure for Hp{6), and, in consequence, (i) implies (ii). 

Next, assume that (ii) holds, and for z = \z\(, and > big 
enough, let fz{w) = jjz^-^- We then have that for any w E I^, 
|1 ~ "^^1 ^ 1 " kP- Thus Proposition 13.21 gives 



(1 - \z\^)^p ~ A ii - ^^r^ ~ ii^^ii^f^'w ~ (1 _ \z\^)Np- 

So we are left to show that (iii) implies (i). We have 

/• r+oo 

/ \F[f]\Pdfi = p / > A})A^-MA. 

Jm Jo 

But {F[f] > A} C T({C; M„P[/] > A}). Since = {( : M^F[f] > A} 
is an open set. Ax = ^I(,r^, and for any compact K C Ax, there 
exists a finite subfamily of pairwise disjoint open balls /(i,r<; such that 
K C U^^/^-,3r^ . Consequently, 

M M 

f,{T{K)) < Y,KT{l0,3rJ) < Y.^ik.,3rJ 

1=1 1=1 
M 

^J2^ik.,rC^)=(^i^^iJo,r,^)^0{Ax), 



i=l 



and 



\m\''dfi< / e{Ax)\^-'d\^ / \M^m\''de< / urde. 

Jo Js Js 



Proposition 3.4. If g e , then \dg{z)\^{l - \z\^)Q{z)du{z) and 
\dTg{z)\'^Q{z)di>{z) are Carleson measures for H'^ (6) . 
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Proof. Let / G H'^{9). Since gf G H'^{0), by Proposition 12.71 we have 
that 

" \d{gf){z)\\l - \zr)Q{z)du{z) ^ \\gf\\l.^^e) < WfWmey 

This observation, the fact that f e H^{e), g e and fdg = d{gf) - 
gdf, give that, 

''\fiz)\'\dgiz)ni-\z\')e{z)duiz) 
< [ \d{gf)iz)\'il-\z\')eiz)du{z) 



+ / \dfiz)f\g{z)\\l^\zf)e{z)duiz) 
~ ll/llH2(e)- 

We now deal with the second assertion. We have that fDijg 
Di,jigf) - gDijf. Hence, 



\f{z)\'\dTg{z)\'e{z)du{z) < / \dT{gf){z)\'e{z)du{z) 

Jm 

+ [ \dTfiz)\'\giz)\'il-\z\')eiz)duiz). 



Applying Proposition 12. 8l to both / and gf in the preceding estimate 
with g G H°°, we obtain that 

\f{z)\'\dTg{z)\'e{z)du{z) < \\gf\\l.^e) + WfWmw ^ H/H^^^W 



As a consequence of Propositions 13.31 and 13.41 we have: 
Proposition 3.5. Let 9 G ^2(S) and g e . Let 

dfig,e{z) = eiz) ((1 - \z\')\dg{z)\' + \dTg{z)\') du{z). 
Ifipe L'^{e) , then 

\F{^){z)fdfig^e{z)<Mh^ey 

3.2. Multipliers on Morrey spaces. The next result gives a char- 
acterization of the pointwise multipliers of HMP'"^, for < s < n/p. 

Proposition 3.6. If 1 < p < oo and < s < n/p, a function g is a 
pointwise multiplier of HM^'^, if and only if g & H°° . 
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Proof. It is clear that if G H°°, then ||(y'/||Mp>= < ||5'||oo||J ||mp.'>- 
To prove the converse resuh, note that for a positive integer m, 

n<\\9n\Mr'^^ < ii-MjniiiUf..^, 

where ||A^g|| denotes the norm of the operator / — )■ gf. Therefore, 
WaWpm < \\Mg\\. Since ||5f||oo = hm^^oo \\g\\pm we obtain the result. ■ 

4. Necessary conditions on the corona problem 

4.1. Necessary conditions for weighted Hardy spaces. In order 
to obtain necessary conditions on the corona problem we recall the 
following lemma which has been proved in [10] 

Lemma 4.1. Let 1 < p < +oo and 9 a weight in Ap. There exists 
C > such that for any holomorphic function f in M, and any z = \z\(, 

\f{z)\<c(\fm+ f an^l.M nm 



As a corollary we obtain 



Corollary 4.2. Let 1 < p < +oo and 9 a weight in Ap. There exists 
C > such that for any holomorphic function f in B, and any z eM, 

(e-p'/p(i 

Proof. Let z = \z\( ^ 0. The fact that 9 is in Ap gives that is in 

Ap', it satisfies a doubling condition of order A < np', and consequently 

-1 1 dt [9-P'''P{I^^t)V'''' 1 dt 



9{I^^tY/p t \ t^ J t-lv t 

i/p' 



. (B-p'/p(TW' 

(l-\z\^)n 

{9-p'/P{h)y'''' 



k>0 



:i-\z 



2\n 



In order to finish we just have to show that |/(0)| 



< {9~^'Hh)Y^'' 



{l-\z 

This is a consequence from the fact that 

1/(0)1 < / \f\da= [ \f\9'/'9-'/^da<\\f\\H.^e), 



2\n 
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and 



i/p' 



Proposition 4.3. Let gi, . . . ,gm € H'^ and 9 G Ap. If the operator 
Mg : HP{9) X ■■■ X HP{9) HP{9) is onto, then g = {gi,...,gm) 
satisfies inf2gB \g{z)\ > 0. 

Proof. We first observe that by the open map Theorem, for every / G 
HP{9), there exists functions fi G Hp{9), i = 1, . . . ,m, such that 

m 

(i) / = E f^9^. 

i=l 

(ii) \\fi\\HP{e) < WfWmie), i = l,...,m. 

1 

then have that there exist fi, i = l,...,m, satisfying conditions (i) 
and (ii) above. Therefore, Corollary 14.21 and Proposition 13. 2[ if is 
big enough, give 



If 2; G B, let fziw) = — — ^, where > is to be chosen. We 



\z 



{9-p'/p{h)Y^''' 



2)N 

' i=l 



< 



i/p' 



\\fz\\Hne)^\9i{z)\ 



2\n 

' i=l 



i=l 



and since 9 is in Ap, we obtain that 1 < \gi 



i=l 

4.2. Necessary conditions for Morrey spaces. The next lemma 
gives a pointwise estimate for / G ifM^'*. 

Proposition 4.4. Let 1 < p < 00, < s < n/p, f in HM^'^, and 
zEB. Then\f{z)\<\\f\\pAl-\z\'r^. 

Proof. By the Cauchy formula 

1/(^)1 < / tI^m^)- 

Js |i - zvr 

Assume 2: 7^ 0, and let ( = z/\z\. For a positive integer j, let Ij = 
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Therefore, 

1/(^)1 < / M^^^^(^) + > : / jP^Mri) 



j>l -^h+l 



zrj\ 

\f{v)\da{ii). 



By Holder's inequality 



2\-s| 

"p,s 



\fi^)\<J2^2^a-\^\')r\\f\\p,s<ii-\z 

which concludes the proof. ■ 

Proposition 4.5. Assume that gi, ■ ■ ■ , Qm ^ H°° . If for some 1 < p < 
oo andO < s < n/p the map Mg : i^M^'* x ■ ■ ■ x HMP'' HMp^' is 
surjective, then mi{\g{z)\ : z G B} > 0. 

Proof. By the open map Theorem, for every function / in HM^'^. 
there exist functions /i, . . . , in HM^'^^, such that 

m 

^ 9k fk = f and Hfkhip^- < II/IUp.-- 

k=l 

By Proposition 14.41 

m m 

(4.11) i/(.)i < 5^ \f,{z)\ \g,{z)\ < wfhMi - E i^^wi- 

For N > s, consider the function fz{w) = (1 — wz)^^ . Since, by 
Proposition EH i^"/' C HMP'', we have 

ii/.iim..^<ii/.ii//./. 

Therefore, by flCTjl 

m 

(1 - i^n-^ = f,{z) < muM^ - \z\Y^ Yl 

i=l 

m 



i=l 



which proves the result. 
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5. The H'^{9)-corona theorem for 2 generators. 

Throughout this section we will assume that the functions (71,(72 G 
H°° satisfy inf^gi \g{z)\ > 0. 

We want to prove that the operator Aig defined by Aig{fi, f2) = 
gih + ^2/2 maps H'^{e) x H'^{e) onto H^{e) for all the_weights 6 e A2. 

Let (7 = ((7i, (72) and let G = (Gi, G2) where Gj = y^, j = 1,2. An 



easy computation proves that 

(5.12) BGi = -92^, dG2 = gin, 

where 



(5.13) Q = 9^^92-g2dg, ^ ^^^^^ _ ^^^^^ 

Clearly g.G^ + (72^2 = 1, dQ = and ||G'/|U2(,) < WfWnHe). 

Since the functions Gjf are not holomorphic on B, we must correct 
them by using a solution of a 9 problem. Since d{Qf) = for any 
/ G H^{0), we will choose a suitable integral operator /C such that 
dK,{VLf ) = Qf and such that the linear operator 

(5.14) Tg{f) = Gf + g^lC{nf), g^ = {g„-g,) 

maps H\e) to H\e) x H\e). 

It is clear by construction that the components of 7^(/) are holo- 
morphic functions on B and that Aig(Tg{f)) = f. 

In order to choose a suitable operator /C, let 

^ ^ (i-kiT+n^A(a^.)-^-^)(^,.) , 

where d = dw (differential respect w), 'j(w) = d j — - and s{w, z) = 

1 — \Wf 

(1 — wz)d\w\'^ ~ (1 ~ \w\'^)du,{wz). 

It is well-known that the corresponding integral operators associated 
to these kernels, also denoted by ICq , that is, if is (0, l)-form. 



)C'^(^)(z)= V^{w,z)^{w)di^{w), 

JtB 

solve the 5-equation or the Sft-equation in the unit ball of C" (see for 
instance [26] or [T2] ) 

The following proposition gives the main properties of these op- 
erators. In particular it gives a decomposition of ICq as a sum 
of two functions. The first one is an antiholomorphic function on 
B, and the other term involves d-t}. The main advantatge of this 



CORONA THEOREM IN HARDY AND MORREY SPACES 15 

last term is that if is the form Q defined in 15.131 then, by Propo- 
sition [231 we obtain expressions hke Q{z)\dfl{z)\'^{l — \z\'^)dh'{z) or 
'd{z)\d^l{z) Ad\z\'^ Ad\z\'^\'^diy{z) that are Carleson measures for H'^{9), 
and that will play an important rol in the calculus of the estimates. 

Proposition 5.1. Let d he a (0, l)-form with coefficients in 
Then, for each positive integer N, there exist integral operators Qq' 
and Qq satisfying the following properties. 

(ii) a/c^w = ^ ifd^ = o. 

(iii) The function is antiholomorphic onB and for C, G S 



NA 



k=l 



{i-wCY 



(iv) For C G §, 

The proof of assertions (ji]), ([m]) and (jiv]) can be found in Assertion 
^ is proved in [2^ and fT5]. 

We want to prove that for > big enough, maps H^{6) 

to H^{e) X H^{e), that is ||7;^(/)|U2(e) < WfWHm ^ith a constant 
depending of n, N, g and 9. 

Since |7;^(/)| < |G||/| + |^7^||/C^(r]/)| < + ||^||oo|/C^(^^/)|, 

we only need to prove that for > large enough we have the estimate 
\\}C^m\\LHe)<\\f\\HHe). 

Since JC^inf) = Q^'\nf) + Q^'\d{nf)), we will need the following 
estimates of Qf and of d{Qf). 

Lemma 5.2. Let Q as in fl5.13p . Then 

\miw)\<\dgiw)\\fiw)\ 

\dmiw)\ < \dg{w)Wiw)\ + \dg{w)\\df{w)\. 

|9(fi/)H Ad\w\'A d\w\'\ < \dTgiw)\yiw)\ + \dTgiw)\\dTfiw)\. 

Proof. All the above estimates follows from the definition of Q and the 
formulas \dgk{w) A d\w\'^\ = {drgkiw)] and \df{w) A9|wp| = |(9t/(w)| 

■ 

We will obtain the estimates of the norm of /C^(fi/) in L'^{6) by 
duality. We will need the following lemmas. 
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Lemma 5.3. If N > 0, then 
where 

W{w) = (1 - \w\') {\dg{w)\'\f{w)\ + \dg{w)\\df{w)\) 

+ \dT9iw)Wiw)\ + \dT9iw)\\dTfiw)\. 

Proof. The proof is a consequence of Proposition 15.11 and Lemma 15.21 

■ 

Lemma 5.4. Let ip he a continuous function on §. If N > n, then 
K:^{nf)i)da 



n+N „ 

<E / \d9iw)mw)\il 



k=l 



\w 



l2\N 



s (1 - wC) 



:daiO 



+ / (1 - {\dg{w)\^\f{w)\ + \dg{w)\\df{w)\) P(|V^|)Hrfz/H 
+ / {\dTg{w)\^\f{w)\ + \dTg{w)\\dTf{w)\)n\mw)dv{w). 



Proof. The proof is a consequence of Lemma [531 Fubini's Theorem and 
the estimate 1 — |wp < 2|1 — Cw\. ■ 

Lemma 5.5. If 6 E ^2(§); then for any positive integer N we have 



n+N „ 



w 



\2\2N-1 



da{C) 



du{w) 



< 



2 

L2(9)- 



Proof. Observe that II C('?/') II //2(£)) 
l{n<k<n + N, then 



da{C) 



< 



me)- 



1-wC) 
da{C) = K--Cm'^)- 

[i-wCY 

(see fl2.5p for the definition of 7^^~"). Therefore, the result is a conse- 
quence of Proposition 12.61 

In order to prove the case 1 < /c < ri, observe that 



n—k 



:da(C). 



Therefore, 



daiC) 



< lie 



_f/2(6») 
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and by Proposition 12.61 we conclude the proof. ■ 
Proposition 5.6. If N > n and 6 e A2, then \\]C^ {nf)\\L2(^e) < 

11/1^2(0). 

Proof. Let 6' = 9^^ G A2 and let G and B' be the corresponding 
averages of 9 and 9' . Let also 

d^g,e{z) = e{z) ((1 - \zWg{z)\^ + \dTg{z)\^) du{z). 

We recall that by Proposition 13.51 ^g^e is a Carleson measure for H'^(9). 
Let 



n+N 



Ed- 



w 



2\N~l/2 



k=l 



daiO 



By LemmaEH Holder's Inequality and the fact that &{z)2Q'{z) 
1, we have 



IC^{nf)^/jda 



< 



\f\'^dfig^0 



+ 



+ 



1/2 



1/2 



1/2 



((l-\njndf\' + \dTf\')Qdu 



1/2 



1/2 



1/2 



Therefore, Propositions 12.71 and 13. 5[ and Lemma [5.51 give that 



IC'^{d{nf))^da 



< 



which concludes the proof. ■ 

As a consequence of the above proposition we have: 

Theorem 5.7. Let gi,g2 e H°° satisfying mi{\g{z)\ : z eM} > 0}. 
If N > n, then {f) = Gf — g^JC^ (^/) is a bounded operator from 
H^{9) m H^{9) X H^{9) for any 9 e 

6. The i7^(6')-coRONA problem for m generators. 

It is a well known fact that one way to prove the corona problem with 
m generators is based in a successive resolution of several d problems 
and a useful reformulation of the problem can be obtained by means of 
the so called the Koszul complex. We will use the formula in Theorem 
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3.1 in [6j, which gives in a sintetic way this composition. However, in- 
stead of obtaining properties of the solutions of each operator involved 
in such expression, we will rather obtain an estimate of the operator 
that solves the corona problem in each H'^{6) for any weight 6 G A2- 
The extrapolation theorem we have already cited in the introduction 
allows to deduce the general case for any H^{9) and any 9 in Ap. 

6.1. The Koszul complex. Let E = {ei, ...,em} be a basis in C™ 
and let be the corresponding dual basis. We denote by A' = A^E) 
the elements e/ = Cj^ □ . . . □ where / = {ii, . . . ,ii}, of degree I of 
the exterior algebra A = A{E). In order to avoid confusions, we use □ 
to denote the exterior multiplication in A and A to denote the exterior 
product of differential forms. If v* & E*, 6^* : A'"*"^ — )■ A' denotes the 
anti-derivation defined by 

I 

Sy*{ei^ n . . . n CiJ = '^{-iy~'^Vjei^ n . . . n ei._^ n d.^^ . . . n e^,. 

Let £q denote the space of (0, g)-forms with coefficients in C°°(B) and 
We also consider the space £g{A) of A valued forms 

^Vi(^i^ Vl^£q, 

I 

and the union of these spaces £{A) = Ug^Q£^g(A). 

We will use similar notations to consider other A-valued spaces of 
functions. For instance, H'^{6,A) consists of sums of hi{z)ei with hj G 
H\9). 

For E = J2i Viei, H = J2j ^jej e £{A), we let 

F\lG = ^r]i Ai^jeillej. 
I, J 

If /C : £^ — >■ £ is a linear operator, we will also use K, to denote the 
operator defined on £{A) by }C{r]i ej) = lC{rji) ej. If h* = J2jLi hj{z) □ 
e,*^G ^o((A*)^) (that is hj G C°°(S)), let 6h4viei) = Vi ^ ^h^ei) = 
Yl^=i hjrji5e*ei. We denote by 5h*fC : £{A) — )■ ^(A) the composition of 
/C and 5h*, that is {6h*}C){r]jei) = IC{r]) n 6h*{ei) = YJj=i hj}C{r]i)6e*ei. 

Using these notations, let us give an explicit formula to solve the 
corona problem. Observe that ^Jli gjFj = f can be written as 6g*F = 
/, where g* = ^Jl^ 9j{z)e* and F = ^Jl^ Fj{z)ej. 

Let us recall some integral operators K, : £ ^ £ satisfying dfCirf) = r] 
for any (0, q + l)-form satisfying Bt] = 0. 
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For iV > 0, consider the kernel 



'1 

n-l 



A:=0 



where d = dyj \ [d in both variables w and 2;), and 



7(w) = a : 



9 w 


P A 9 w 


2 


(1 









(6.15) 



|2 



1 — \w\ 

s{w,z) = (1 — wz)d\w\'^ ~ (1 ~ 

= (1 — wz)d{\w\'^ — w^) + — wz)d{wz) 
(f){w,z) = \l-wz\'^-{l-\wf){l~\z\'^) 

= \{w — z)w\'^ + (1 — I'^ni^ ~ 

Let /C^ = X]g=o where JC^ denotes the component in /C^ of 
bidegree (0, q) in z and (ra, n — g — 1) in w. If g = 0, then K.^ {w, z) 
coincides with the kernel in Proposition 15.11 

Formulas (16.151) together with 

dws{w, z) = {1 — wz)dy^dw\w\^ — du,{wz) /\dw\w\^ 
dzs{w, z)) = —dziwz) A — (1 — \w\^)dzdu,{wz) 

= 4(|-2p - wz) A d^\w\^ - (1 - \w\'^)dzd^{wz) 
— Bzlz]"^ A (9^|w| 
dw{wz) A = dw{wz — |wp) A dw\w\'^, 

give (see p. 69 pH]) the following decomposition of {w, z). 
Lemma 6.1. 

(6.16) K,^{w,z) = K,^^\w,z) + K,^^\w,z)hd\w\^ + K,^'\w,z)hd\z\\ 
with the folowing estimates: 

\icf\w,z)\, i/cf-3(^,.)i < 

( we recall that the definition of the operators C% ^ is given in Definition 

\M} 

Note that, if g = 0, then KLq does not contain terms dzj, and there- 
fore ICq'^ = 0. Analogously, JCn-i = 0- 
If C G §, then 4>{w, C) = |1 - C^P and 

(6.18) \ic^'\w,c)\ < r^+ioKC), ICKOI < Cii'(^'C). 
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Observe that by (16.171) . |/C^'^| is bounded by a kernel of type 1, and 
that |/C^'^| and \}C^''^\ are bounded by kernels of type 1/2. Therefore, 
|/C^| is globally bounded by a kernel of type 1/2. 

Now^ given g = {gi, ...,gm) e H°°, satisfying inf^gB \9{z)\ > 0, let 
Gj = ^ and let G = ^™ ^ Gj{z)ey Clearly, 6g*{G) =gG=l. 

Then, we will use the following formula which provides solutions of 
the corona problem on Hardy spaces. 

Theorem 6.2 ([6j). If g = {gi, ...,gm) e satisfies inf^gB \9{z)\ > 
0, then the linear operator 

min(n,m~l) 

(6.19) r,^(/) = J2 (-1)' ifG n (SG)^) , 

maps HP to Hp{A^), l<p<oo, and 5g,{Tg^{f)) = f. 

In order to facilitate the reading of this paper, we will give the explicit 
computations of T^{f) for m = 2 and m = 3, and n > 3. 

If m = 2, then formula (16.191) coincides with the one of Section O In 
order to prove this, observe that by bidegree reasons, the term k = 1 
in (KWf is 

(<53./C^) (/(Giei + Gaes) n {dG,e, + SGsCs)) 

= (5,*C) (/(Ciei + Gaes) n {dG,e, + ^^262)) 

and that 

iSg,]C^) {f{G,e, + ^262) n (SGiei + dG^e^)) 

= {6g*)C^) {f{G,dG2 - G2dG,)e, n e^) 

= K^UGidG2 - fG2dGi){gie2 - g2ei) 

Following the notations of Section by (I5.13P we have fGidG2 — 
fG2dGi = f'Q and therefore 

rf'if) = UGi + ^72C(/^))ei + UG2 - gilC^{m)e2, 

which coincides with (I5.14p . 

If m = 3, then similar computations prove that the term = 1 in 
fICT]) is 

{Sg,)C^){G n BG) = lC^UGidG2 - fG2dGi){g,e2 - g2ei) 
+ C(/G2^G3 - fGsdG2)ig2e; - g,e2) 
+ Cl/Cs^Gi - fGidG^){g^e^ - g.e^) 
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Now, if n 



Gi Gj 
dG, dG, 



Gj dG i 



GjdGi, then 



n BG) = (^720(/^2,i) + ^?3C(/^3,i))ei 

(6.20) + (^?iC(/^l,2) + ^73C(/^3,2))e2 

+ (^?lC(/^l,3)+^72C(/^2,3))e3. 

In order to calculate the term A; = 2 in (16.191) . let 

Gi G2 G3 

fil23= OGi dG2 dG3 

dGi dG2 dG3 

= 2 {GidG2 A BGs + G2dGs A dGi + Gg^Gi A SGa) . 

It is easy to check that G □ dG □ (9G = f2i23 Ci □ 62 H 63. The use of the 
determinants of forms to formulate the Koszul complex can be found 



m 



Therefore, 

{6g.lC^){nu3 eine2ne3) 



and 



giJC^ (^^123) 62 n 63 + 5f2/Ci (^123) 63 n ei + g3}C^ (^123) ei n 62, 

{Sg,ic^){Sg,ic^){ni23 e,n 62^63) 

= (5-1/0^(^123)) (5263 - 5362) 



+ /Co (5'2/Ci (^^123)) (5361 - 5163) 
+ /Co^(53/Cf (1^123)) (5ie2-52ei). 
Observe that in general we have 

Lemma 6.3. The coefficients of {5g*lCf {fGn (dG)'') , k > 1 are lin- 
ear combinations of terms of type 

(6.21) Fze, = 5.o/Co(5n(/Ci(....(5.._./C.--i(/G,oaG,,A...AaG,J)))))ez. 

To conclude, for completeness, we recall the proof of the fact that 
Tg^{f) G H{A^) given in Theorem 3.1 in f6]. 

Let r = min{n, m — 1} and let Vk = G n (dG)''. We define by 
induction the forms Ur = K- and Uk = Vk — {6g*IC){Uk+i), < k < r. 
Observe that Uq = Tg^if), 6g.{dG) = {d{6g,G)) = and 6g*{Vk) = 
(dG)''. 

We want to prove that dUk = for all < /c < r. If r = n, then by 
bidegree reasons, the form Vr = Gn{dGY satisfies dVr = 0. If r = m — 
1, then using 6g*dG = we also obtain dVr = 0. Assume that dUk+i = 
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0. Since 5], = 0, we have 6gMk+i = Sg*Vk+i = {dG)^+^ = dVu- 
Therefore, we have d{{5g*lCk){Uk+i)) = 6g*{dlCk{Uk+i)) = SgMk+i = 
dVk, which proves that dUk = 0. 

6.2. Estimates of Fi in (KT^i . We want to prove that if / G H'^i9), 
then the terms Fi are in L'^{9). This result will be a consequence of 
the same technique used to prove the case of two generators, which 
permit us to estimate the cases = and = 1, and the following 
proposition. For k > 2 we will use other arguments, since in this case 
by Lemma 16.61 below it is not necessary to use the decomposition of 
the operator given in (i) of Proposition 15.11 

Proposition 6.4. For N large enough and k >2, we have 
|(<5,./C^)'^ (fGnidG)'') (01 



< 



l/HI((i- 


w 


')\dg{w)\' + \dTg{w)\') {1 - 


W 


2^n 




1-Cw 


2n 



dviw) 



Assuming this result, it is easy to prove the corona theorem for p = 2. 

Theorem 6.5. Let g = {gi, . . . , g^), gj G H°° satisfying ini^^^M \g{z)\ > 
0. If N is large enough, then the operator in Theorem \ 6.2\ maps 
H^{e) to H^{e,A^) for any 9 G ^2- 

Proof. The estimate of {6g*]C^)^{fG) = fG, corresponding to the term 
= in (16.191) . is clear. The estimate of the term k = 1, that is 
{5g*fC^){fG n follows arguing as in the case of two generators 
(observe that arguing as in (16.201) the coefficients of the terms that 
appear in the representation of {5g*lC^){fGndG) are of the same type 
of the expressions gjlC^ {ffl) considered in Section 5). 

Therefore, it remains to consider the terms k > 2. For any ip G 
L'^{9~^), Proposition 16.41 gives 



< / \f{w)\\dTg{w)M\mw)du{w) 



+ / (1 - \wnfiw)\\dgiw)mm^)d'yiw) 



Thus, arguing as in Proposition [5l6l Holder's inequality, the fact that 
G^G'a ~ X and Proposition 13.51 give 

1/2 / ^ \ 1/2 



FKC)^(C)c?^(C) 



< 



s 



\f\'df,g,e / \nn'df^9,e 



which proves that Fi{C) e L'^iO) and \\Fi\\l2(0) < \\f\\H2(e). 
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Therefore, it remains to prove Proposition 16.41 
Lemma 6.6. For k > 2, 

(6.22) {Gj.dGj, A ... A BGjJiw) = Gr{w) + Gt{w) A d\w\'^ 
with 

\GRiw)\ < (1 - \wmd9iw)\' + (1 - \wn-'/'\dT9iw)\' 
\Gt{w)\ < (1 - \w\'y/'-'/' [{1 - \w\')\dg{w)\' + \dTgiw)\'] , 

and consequently 

\G{w)\ < (1 - \w\y/'-''/' [(1 - \wndg{w)\' + \dTg{w)\'] . 

Proof. The decomposition 

n n 

dGi{w) = (1 — \w\'^)dGi{w) + ^ WiWjDiGi{w)dwj 

j=i 1=1 

n n 

+ ^ ^ Wi{wiDjGi{w) - WjDiGi{w))dwj 
j=i 1=1 

= (1 - \w\'^)dGi{w) + nGi{w)d\w\'^ + WiDijGi{w)dwj, 

and (1 - \w\Y^'^\dTgiw)\ + (1 - \w\'^)\dg{w)\ < 1, prove fl6:22|) with 

\GRiw)\<[il-\wndgiw)\ + \dTgiw)\]' 

< (1 - \wmdg{w)\' + (1 - \w\y-'/'\dTg{w)\' 

\Gt{w)\ < [(1 - \wr)\dg{w)\ + \dTg{w)\f'' \dg{w)\ 
Since > 2, (1 - \w\'^)''-^\dg{w)\'' < (1 - |w;n|9^(w)|2 and 
\dTg{w)\'-'\dg{w)\ < (1 - |t.r)^-^/2|9T^7HP^7H| 

< (1 - ildrgiw)]' + (1 - |^r)|a^7Hp) 

which ends the proof. ■ 
The next lemma is well-known (see for instance Lemma 2.5 in [21\). 
Lemma 6.7. IfO<A, B<N<n + A + B , then 

1 



(1 




\u\ 




\1 — zu\ 


"'+^ 1 — uw\ 


\n+B 



du[u) 



< 



Lemma 6.8. // the kernel C^j ^ has type k, = n + N — M — 2L > 0, 

then for k, — n < A < N and B > 0, 



24 CARME CASCANTE, JOAN FABREGA, AND JOAQUIN M. ORTEGA 

Observe that type{C^^^^^ Q) = type{C^^^^o) + type{CZ,L)- 

Proof. Since C'^'^^^{w,z) < C^i{w,z) we can consider B = 0. 
The left hand side term in the above inequahty is 



:i-\z 



2\N-1 



Let i^wiz) denotes the automorphism of the unit ball which maps w 
to 0. We will use the change u = (pw{z) and the formulas in Section 
2.2 in [25] to reduce the above estimate to the one of Lemma [6 .71 



Since 



(6.24) 1 - (p^{z)ip^{u) 



(1 - \w\'^){l-zu) 



[1 — zw){l — wu) 
we have 



1-|v3^(m)|^ = — , and 

|1 — 

4>{w,z) = |1 - zw\^\(fuj{z)\^ . 
Therefore, the change of variables u = (pw{z) gives 

■ dh'{u). 



(1- 


\w\ 


2^Af- 








( 




\w\ 








1 n+A 


1 - '^yj{u)w\ 


\M+2L\ 


\u\ 


\2L 


1 — UW 


2n+2 



By (M, 



1 - ifyo{u)w = 1 - V5«,(n)v2^(0) 



\w\ 



UW 

(i-C^)(i-<^^(C)^) 



1 - CV5«;(^i) = 1 - V5u,(V5«,(C))V^«>(«) 1 

1 — WW 



and therefore 



(1 




\w\ 


?) 


N-l+n 




ll - 


-c 


w\ 


\N+A 



(1- 


\u\ 




|1 - ^w{C)u\ 


n+A 


1 


— uw\ 


\N+K-A\ 


\u\ 


\2L 



dv{u) 

We decompose the above integral in the sum of the integral in the 
ball of radious 1/2 and of the integral in its complementary set. Since 
L < 2n and |1 — uz\ ^ 1 on = {m G B; \u\ < 1/2}, the integral in 
this set is bounded. By Lemma 16. 7[ the integral in the complementary 

V9^(C)wh (1 - \w\ 



of ^B is bounded by , _, = — j — r^^, which concludes the 



estimate. 
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Proof of Proposition \6.4\ ' Observe that by decomposition fl6.16p , and 
the facts that d\w\'^ A (9|iyp = 0, 

]C^''^(z, u) A /C^i"! [w, z) = 0, for all < o < n — 1, and 
(6.25) ' ' ^ ' - y - 

/Co^-' = 0, 

the term in fl6.2ip is a sum of terms of type 

with ji = 1,2,3 and at last one of them equal to 1, and one term of 
type 

F2 = ^7.oC(^?n(/Cf'^(.-(^7..-./CK(/GT))....)))- 

Observe that by (I6.25p . all terms including )C^'^{fG) are considered 
in the first type Fi. 

Since |/C^'^| is bounded by a kernel of type 1 and |/C^'^|, |/C^'^| are 
bounded by a kernel of type 1/2, the kernels in Fi are bounded by a 
product of kernels of type 1 or 1/2 and whose sum of types are greater 
or equal to (A; - l)/2 + 1 = (fc + l)/2. 

Analogously, the kernels in F2 are bounded by a product of kernels 
of type 1/2 and whose sum of types is equal to k/2. 

Therefore, if N is large enough, then the pointiwise estimate of G in 
Lemma [6.6[ together Lemma [6.81 give 
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where d^g{w) = [(1 — \w\^)\dg{w)\^ + \dTg{wY\]di'{w) 
Analogously, 
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djJ,g{w). 

Therefore, taking > n + /c/2we obtain the estimate in Proposition 



7. End of the proof of Theorem 11.11 

7.1. Corona theorem for weighted Hardy spaces. In order to 
prove the corona theorem for H^{6), we will use the following extrap- 
olation theorem proved in [21] (see also p. 223 [27]). 
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Theorem 7.1. Let 1 < r < +oo, and T a suhlinear operator which is 
hounded on U'(9) for any 9 E At, with constant depending only on the 
constant Ar{0) of the condition Ar- Then T is hounded on L^{9) for 
any 1 < p < +oo and any 9 G Ap, with constant depending only on 



Theorem 7.2. Let 1 <p < oo and < s < n/p. Let gi, . . . ,gm € H°° . 

Then, the following assertions are equivalent: 

(i) The functions gu, k = 1, . . . ,m satisfy mi{\g{z)\ : z E M} > 0. 

(ii) Mg maps H^{9) x ■ ■ ■ x H^{9) onto H^{9) for any 1 < p < oo 
and any 9 E Ap. 

(iii) Mg maps H^{9) x ■ ■ ■ x Hp{9) onto H^{9) for some I < p < oo 
and some 9 G Ap. 

(iv) Mg maps H'^{9) x ■ ■ ■ x H'^{9) onto H'^{9) for any 9 E A2. 

Proof We will follow the scheme: dH])^ dm])^ (0)^ dH]) 

Clearly (jnj) =^ (jnl]). The implication (jnl]) ^ ([I]) is proved in Propo- 
sition 14.31 The proof of ([1]) ^ (liv|) is given in Theorem 16.51 using the 
linear operator Tj^ ■ The proof of (ITvI) =^ follows from Theorem 
17.11 applied to r = 2 and to each one of the operators T = 7^^ o C, 
i = 1, . . . ,m. Here 7^^ are the components of the operator Tg^ and C 
is the Cauchy kernel. ■ 

7.2. Corona theorem for Morrey spaces. The following result was 
proved in Theorem 3.1 in [7]. 

Theorem 7.3. Let ip and ip he nonnegative Borel measurahle functions 
on S. Suppose that for each a > 1 and every hounded weight 9 E Ai, 
such that Ai{9) < a, there exists c{a) such that 



Then, for < t < n, there exists a constant C depending on n and 
t, such that ||y9||jvfi,t < C||'?/'||Afi,t for any (p,ip E M^'*. 

Theorem 7.4. Let 1 < p < 00 and < s < n/p. Let gi, . . . ,gm E . 

Then, the following assertions are equivalent: 

(i) The functions gk, k = 1, . . . ,m satisfy mi{\g{z)\ : 2 G B} > 0. 

(ii) Mg maps HMP'" x ■ ■ ■ x HMP'"" onto HM^^" for any I < p < 00 
and any < s < n/p. 

(iii) Mg maps HMP'" x ■ ■ ■ x HMP'"" onto HMP'" for some 1 < p < 
00 and some < s < n/p. 



Ap{9). 




Proof. The scheme of the proof of the Morrey case is similar and we 
will show in this case that 
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(in]) ^ (Im]) ^ d) ^ (111]) [Theorem O] ^ (Hi]). 

The first imphcation is obvious, and the proof of the second is given 
in Proposition 14.51 The proof of (jn]) [Theorem 17.2] =^ ([n]) follows from 
Theorem 17.31 Observe that, if 1 < p < oo, ip = |7^(/)|^, 'ip = \f\^ 
and t = sp < n, then the fact that Ai C Ap, dH]) [Theorem 17.2] and 
Theorem 17.31 give 

llir,(/)|||^,.. = |||r,(/)niMM. < c|||/|^iu,M. = ii/irMP., 

which proves the result. 
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